I. INTRODUCTION
Direction-of-Arrival (DOA) estimation is an important research topic in array signal processing with many applications in radar, sonar, and communications. In radar and sonar systems, the DOA information is used to localize the position of a target. In cellular and communication networks [1] , DOA estimation aids in improving the performance of the network by eliminating cochannel interferences and is, therefore, proposed as one of the main function requirements for directionfinding smart antennas [2] in the next generation mobile communication systems. An array works on the premise that the desired signal and unwanted cochannel interferences arrive from different directions with most cellular systems using two separate frequencies for the transmit and receive modes. The knowledge of the DOA from the receive mode may be used during the transmit mode to adjust the beam pattern of the array and focus the signal strength in the direction of the communicating cellular mobiles. By directing the nulls toward mobiles in the other cochannel cells, interference within these cochannel cells can be significantly reduced. This leads to greater spatial diversity in multi-user environments.
The paper proposes a new scheme for DOA estimation based on time reversal (TR) [3] , [4] . In conventional DOA range estimators based on the direct-path-only propagation observations, multipath is often ignored or considered detrimental to the performance of the estimators. In this paper, we take a different approach and address the question of what can be gained if a DOA estimator explores the additional information existing in the temporal structure of the observed field (i.e., in the set of multipath delays) to its advantage. Our approach is based on a TR setup and does not assume any particular multipath model. During the forward probing step, an active array of antennas, (1 ≤ k ≤ P ), receives the superposition of several attenuated and delayed replicas of the backscattered fields from a passive target. This observation vector r k (t) recorded at the antenna array during the forward probing step is used in the conventional DOA estimators. Our TR/DOA estimator adds an additional probing stage by time reversing r k (t) and retransmitting the time reversed signals to probe the channel a second time. The backscatters of the time reversed probing signals (obtained from the second TR stage) is used for DOA estimation in the proposed TR/DOA estimation algorithm.
To compare the performance of TR/DOA estimator with the conventional approach, we apply the wideband Capon [5] - [7] for estimating the location of the target. In other words, the wideband observations are decomposed into many narrowband bins using filter banks or the discrete Fourier transform before applying the narrowband Capon to each bin. The objective of the paper is not so much to devise a DOA estimation procedure based on Capon but to quantify the improvement, if any, with the application of TR to DOA estimators. The second contribution of the paper is to derive analytical expressions for the Cramér-Rao bounds (CRB) for the conventional and TR/DOA estimators. The CRBs illustrate the potential of improved performance with TR/DOA estimators, while Monte Carlo simulations are used to compare the actual performances. In our simulations, the TR/DOA Capon estimator outperforms conventional Capon by a wide margin especially at low signalto-noise ratios.
The organization of the paper is as follows. Section II defines the notation and derives the observation models for the conventional and TR/DOA estimators operating in a rich multipath environment. The Capon implementation of the TR estimator is discussed in Section III, while analytical expressions for the CRBs for the conventional and TR Capon algorithms are derived in Section IV. Results from Monte Carlo simulations are discussed in Section V. Finally, Section VI concludes the paper.
II. SYSTEM MODEL
In this section, we introduce the observation models representing the forward and TR probing steps of the estimation algorithms. A known complex bandpass signal f (t) exp(jω c t) (ω c denoting the angular carrier frequency), transmitted by 978-1-4244-5638-3/10/$26.00 ©2010 IEEE element k of Array A, is backscattered by the target with unknown spatial location α t . After down conversion, the observation recorded by the n'th element of Array A is modeled as a sum of several scaled, time delayed echos of the probing signal received through multiple paths resulting from among other factors the clutter and/or the medium boundaries as
(1) signifies that the echo from the i'th multipath is received by recording element n when element k of Array A probes the channel. The remaining notation in Eq. (1) is defined as follows.
M (n)
Order of multipaths associated with element n, X (n,k,i)
Attenuation factor for multipath i connecting receiving element n to transmitting element k, τ (1,k,i) Reference delay associated with path i between transmitting element k and receiving element 1,
Interelement delay in excess of τ (1,k,i) between elements n and k for path i,
The order M (n) of the multipath is assumed to be the same for all array elements (M (n) = M ) and is known a priori. We also assume a linear array such that attenuation X (n,k,i) = X (i) , i.e., the attenuation factors are the same for all pairs (n, k) of array elements for a given multipath i, and the interelement delay Δτ (n,k,i) = |n − k| × d sin θ/c for path i is measured with respect to the first element (n = 1) of the array. Symbol d denotes the interelement spacing for linear array A and c is the propagation speed. In the frequency domain, Eq. (1) is given by
Using the vector-matrix format, Eq. (2) is represented as
where A(Θ) defines the (P × M ) DOA matrix containing all possible M -steering vectors, i.e.,
X represents the (M × M ) attenuation matrix given by
. . .
and notation Γ k (ω) is the (M × 1) multipath delay vector
The covariance matrix of the noise v(ω) in Eq. (3) is given by σ 2 v I P . Symbols F (ω), v(ω), and r k (ω) are, respectively, the discrete Fourier transforms of the probing signal f (t), observation noise vector {v n (t)} and observation vector {r (n,k) (t)} obtained by ordering the noise and observation entries (1 ≤ n ≤ P ). Note that the channel response matrix H(ω) defined as
can be expressed in terms of our earlier notation as
Next, we derive the observation model for the TR stage used in the TR/DOA estimator.
A. TR Observations
Following the principle of TR, the recorded signal r k (ω) is energy normalized by a factor g, time reversed (equivalent to phase conjugation in the frequency domain), and retransmitted back into the medium. Denoting the TR probing signal vector by z k (ω) = gr * k (ω), the TR observation vector y k (ω) is given by
where z (k,j) (ω) refers to the j'th element of the TR probing signal z k (ω) and ζ(ω) denotes noise with a covariance of σ 2 ζ I P . In the vector-matrix format, the TR observation is expressed as Eq. (10), where 1 M refers to a unit vector of dimension M with all entries equal to 1. The block matrix containing A(Θ) is of order (P × P M), while the block matrix containing X is square with dimensions (P M × P M). The operation diag(Γ n (ω)), (1 ≤ n ≤ P ), represents a square matrix with elements of Γ n (ω) on the main diagonal of the resulting matrix. Based on these observation models, the conventional and TR/DOA estimators are explained next.
III. DOA ESTIMATORS This section presents the wideband Capon estimation algorithm, which is applied to an active array (passive target) setup for DOA estimation in a rich multipath environment.
A. Conventional Wideband Capon
Following Eq. (3), we divide the frequency spectrum of the forward observations r k (ω) into Q frequency bins. Denoting the frequency component of the observation in the q'th bin as r k (ω q ), the corresponding q'th bin spatial covariance matrix is given by
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which, as shown by the lower expression, is estimated in practice from the N q frequency samples of the observation vector r k (ω q ) within bin q. The Capon algorithm attempts to minimize the power contributed by noise and other interference signals coming from directions other than the desired direction while maintaining a fixed gain in the direction under consideration. In our case, this direction is the the direct path DOA (θ 1 ). Expressing Capon as a minimization problem
subject to the constraint w H (ω q , θ)a(ω q , θ) = 1, with the steering vector a(ω q , θ) defined previously in Eq. (4), results in the following solution for the weight vector
where θ is the search angle. The narrowband power spectrum is then given by
Combining results from different bins, the geometrically averaged wideband capon has the power spectrum
The peaks in spectrum Q(θ) correspond to the estimated values of the DOA's.
B. TR Wideband Capon
Following Eq. (9), we apply the same procedure as in the conventional Capon to the TR observations y k (ω). Denoting the TR spatial covariance matrix in the q'th frequency bin as R y k = E{y k (ω q )y H k (ω q )}, the TR Capon takes the form
in which a T R (θ) is the steering vector during the TR step and is calculated from Eq. (9) in terms of a(θ). Due to lack of space, we include the derivation for a T R (θ) for a 2-path model used in our simulations. The derivation is generalizable to any M -order multipath. Based on the following 2-path model
the TR observations (Eq. (9)) are given by
For a 2-path model, the steering vector a T R (θ) is given by
In other words, the TR operation provides a mechanism for beamspace beamforming, which focuses the beam towards the DOA θ 1 using multipath to its advantage. Therefore, we expect more accurate DOA estimation using this approach. The DOA estimates are obtained from the peaks of the TR spectrum
IV. CRBS FOR THE DOA ESTIMATORS
In this section, we present the CRBs for both the conventional and TR DOA and range estimators for a passive stationary target. Parameter
T is a vector containing the range (R t ) and DOA (θ t ) of the target. In range estimation, the range of the target is typically measured in terms of the round-trip time τ for the probing waveform to travel out to the target from the transmitter and back to the receiver. Theorem 1 derives a lower bound on the accuracy of the conventional DOA and range estimators based on Eq. (3). Likewise, Theorem 2 expresses the lower bound on the accuracy of the TR DOA and range estimators based on Eq. (9). The proofs of the two theorems are included in [8] 978-1-4244-5638-3/10/$26.00 ©2010 IEEE presented earlier this year. While [8] is limited to the CRBs, this paper designs the Capon based TR/DOA estimator and plots the actual MSE of the estimator in addition to the CRBs.
Theorem 1. The CRB for the direction of arrival and the range of the targets based on the forward observation vector r k (ω) (Eq. (3)) for the conventional estimator is given by
where the (P × 2) derivative matrix D is 
The CRBs for the TR DOA and range estimators are considered next.
Theorem 2. The CRB of the DOA and range of the targets based on the TR observation vector y k (ω) (Eq. (9)) for the TR estimators is given by
where the (P × 2) derivative matrix E is given by
g is the TR energy normalization factor, and vector t k = T(ω)e k is the k'th column of the TR matrix T(ω) = H(ω)H * (ω), which represents the channel response in the TR stage. The matrix E groups all the derivatives of the time reversal multipath response vector t k with respect to the source location parameters R t and θ t .
In Theorems 1 and 2, vector e k is a column vector with all entries except the k'th entry equal to 0. The k'th entry is 1. These theorems provide the lower MSE bound on the error variance of the estimators and are plotted along with the actual performance characteristics of the DOA estimators in the experimental section.
V. EXPERIMENTAL SIMULATIONS
In this section, we investigate the performance of the TR/DOA estimator and compare it with the conventional DOA estimator. The implementations of the DOA estimators are based on the Capon algorithm as described previously in Section III. Our comparisons are based on the following For simplicity of implementation, we assume a uniform linear array compromising of P = 10 sensors with interelement sensor spacing d set to λ min /2, where λ min is the minimum wavelength present in the broadband signal. The probing signal is assumed to be a pulse with linear frequency modulation (LFM), (f (t) =f (t)e jω0t ), where the angular frequency ω 0 = 2πf 0 and the base chirp frequency f 0 equals 5 GHz. The complex envelopef (t) of the probing signal is given byf
The spectrum of the probing signal is plotted in Fig. 1 . For the conventional Capon, Eq. (1) is used to model the 2-path received signals r (n,k) (t) with DOA's set to {40
• , −30
• } and the corresponding attenuation factors given by {1, 0.4}. The values of the reference delays for the two components are {7, 7.33}ms. Observation noise with different variances is added to simulate a variety of signal-to-noise ratios (SNR). The conventional DOA estimator estimates the DOA based on the observation r (n,k) (t). The TR observation is modeled on Eq. (9) with same values for the DOAs and attenuation factors as were used in the conventional Capon. The power spectra produced by the conventional and TR/DOA estimators are plotted in Fig. 2 , where for reference we plot two vertical lines at {40
• and −30
• } corresponding to the actual values of the DOAs corresponding to ground reality. We note that the TR/DOA estimator produces a better result on all four performance characteristics mentioned before. There are only two peaks present in the TR/DOA spectrum (shown by the dotted line), which corresponds to the order of the 978-1-4244-5638-3/10/$26.00 ©2010 IEEE multipath in the received signal. The power spectrum for the conventional capon shows an erroneous third peak around 6
• . In addition, the TR/DOA estimator is more accurate with the peaks in its spectrum observed closer to the simulated DOAs with much finer resolutions. A second comparison is included in Fig. 3 for DOAs set to {40
• , 60
• }. While the TR/DOA estimator is able to isolate the two DOAs, the spectrum of the conventional DOA estimator shows only one peak illustrating the superior performance of the TR/DOA estimator. In Fig. 4 , the performance curves for the two estimators along with their CRBs are plotted. Comparing the CRBs, we note that the TR/DOA estimator has a lower bound and, therefore, has a better potential of providing superior performance than the conventional DOA estimator. Comparing the actual performance curves, we observe that the MSE for Performance curves for the conventional and TR/DOA estimators. For comparison, the plots for the CRB's are also included in the figure. the TR/DOA estimator is much lower in comparison with the conventional DOA estimator especially for low SNR's below −5dB.
VI. SUMMARY AND FUTURE WORK
In this paper, we applied TR to DOA estimation. The effect of coupling TR to DOA estimation is studied through theoretical Cramér-Rao bound (CRB) analysis as well as numerical simulations. In our simulations, we observe that the proposed TR/DOA estimator is more accurate in its estimation, provides higher resolution, and exhibits a lower MSE for a variety of SNRs that we tested. Compared to its conventional counterpart, our analytical comparison based on the CRBs supports our experimental results and illustrates the potential of significantly better performance with the proposed TR/DOA approach.
